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Abstract. Wc show that a topological semigroup of finite partial bijections J?^ of an infinite set 
with a compact subscmigroup of idcmpotcnts is absolutely iJ-closed and any countably compact 
topological semigroup does not contain J^ 1 as a subscmigroup. We give sufficient conditions onto a 
topological semigroup to be non-iJ-closcd. Also we describe the structure of countably compact 
Brandt A°-cxtcnsions of topological monoids and study the category of countably compact Brandt 
A°-extensions of topological monoids with zero. 



1. Introduction and preliminaries 

In this paper all spaces are Hausdorff . Further we follow the terminology of j9j [TQl [12] . By uj we 
denote the first infinite cardinal. If Y is a subspace of a topological space X and A C Y, then by 
c\y{A) we denote the topological closure of A in Y. 

An algebraic semigroup S is called inverse if for any element x in S there exists the unique i _1 6 5 
such that xx" 1 x = x and x~ x xx~ x = x" 1 . The element x -1 is called inverse to x G S. If S is an 
inverse semigroup, then the function inv: S — > S which assigns to every element x of S an inverse 
element x _1 is called inversion. 

If S is a semigroup, then by E(S) we denote the band (the subset of idempotents) of S, and by 
S 1 [S°] we denote the semigroup S with the adjoined unit [zero] (see [ID]). Also if a semigroup S 
! has zero O5, then for any A C S we denote A* = A\{0$}- For an inverse semigroup S we define the 
^ I maps tp: S — > -E'(S') and ^: 5 — > -E'(S') by the formulae <^(x) = x ■ x _1 and ip(x) = x~ l ■ x. 

If E is a semilattice, then the semilattice operation on E determines the partial order ^ on E: 



O 



e ^ / if and only if ef = fe = e. 



This order is called natural. An element e of a partially ordered set X is called minimal if / ^ e 
implies / = e for / e X. An idempotent e of a semigroup S* without zero (with zero) is called 
^ ! primitive if e is a minimal element in -E'(S') (in (E'(S'))*). 

; A topological (inverse) semigroup is a topological space together with a continuous multiplication 
(and an inversion, respectively). 

A topological space X is called countably compact if any countable open cover of X contains a 
finite subcover [12]. A topological space X is called pseudocompact (discretely pseudocompact) if 
every locally finite (discrete) family of non-open subsets of X is finite [12]. A Tychonoff topological 
space X is pseudocompact if and only if each continuous real-valued function on X is bounded (see 
[T21 Theorem 3.10.22]). Obviously that every countably compact space is pseudocompact and every 
pseudocompact space is discretely pseudocompact. Also we observe that every quasi-regular dis- 
cretely pseudocompact space is pseudocompact. We recall that the Stone-Cech compactification of 
a Tychonoff space A is a compact Hausdorff space (3X containing A as a dense subspace so that 
each continuous map f:X —>■ Y to a compact Hausdorff space Y extends to a continuous map 

j-.px^Y m- 
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Let S be a semigroup with zero and A be cardinal ^ 1. On the set B\(S) = A x S x A U {0} we 
define the semigroup operation as follows 



and (a, a, 0) ■ = • (a, a, (3) — ■ = 0, for all a, /?, 7, 5 G A and a,b <E S. li S = S 1 is a. semigroup 
with unit then the semigroup B\(S) is called the Brandt \-extension of the monoid S [T9] . Obviously, 
J = {0}U{(a, I ^ is the zero of S} is an ideal of B X (S). We put B^S) = B X (S) /J and we shall 
call B^S) the Brandt A -extension of the monoid S with zero [22]. Further, if A C 5 then we shall 
denote A a $ — {(a, s, j3) \ s G A} if A does not contain zero, and A a ^ = {(a, s, (3) \ s G A\ {0}} U{0} 
if G A, for a,/3 G A. If X is a trivial semigroup (i.e. X contains only one element), then by X° we 
denote the semigroup X with the adjoined zero. Obviously, for any A ^ 2 the Brandt A°-extension of 
the semigroup X° is isomorphic to the semigroup of A x A-matrix units and any Brandt A°-extension 
of a monoid with zero contains the semigroup of A x A-matrix units. Further by B\ we shall denote 
the semigroup of A x A-matrix units and by B^il) the subsemigroup of A x A-matrix units of the 
Brandt A°-extension of a monoid S with zero. 

Let JP\ denote the set of all partial one-to-one transformations of a set X of cardinality A together 
with the following semigroup operation: 

x{ot(3) = (xa)/3 if x G dom(a/5) = {y G dome* | ya G dom/5}, for a, [3 G J?\. 

The semigroup JP\ is called the symmetric inverse semigroup over the set X (see [ID]). The symmetric 
inverse semigroup was introduced by Wagner [35] and it plays a major role in the theory of semigroups. 

We denote J?™ = {a G J?\ \ rank a ^ n}, for n — 1, 2, 3, Obviously, (n = 1, 2, 3, . . .) is an 

inverse semigroup, is an ideal of for each n — 1, 2, 3, . . .. Further, we shall call the semigroup 
J^ 1 the symmetric inverse semigroup of finite transformations of the rank n. The elements of the 
semigroup ^™ are called finite one-to-one transformations {partial bijections) of the set X. By 



we denote a partial one-to-one transformation which maps X\ onto yi, X2 onto y% , . . ., and x n onto 
y n , and by the empty transformation. Obviously, in such case we have Xj 7^ Xj and t/j 7^ yj 
for z 7^ j (i,j = 1,2,3, .. . ,n). We observe that the the symmetric inverse semigroup J? x x of finite 
transformations of the rank 1 is isomorphic to the semigroup of matrix units B\. 

A semigroup S is called congruence-free if it has only two congruences: identical and universal [31] . 
Obviously, a semigroup S is congruence-free if and only if every homomorphism h of S into an 
arbitrary semigroup T is an isomorphism "into" or is an annihilating homomorphism (i. e. there 
exists c G T such that h(a) = c for all a G S). 

Let y be a class of topological semigroups. 

Definition 1.1 ([13 [36]). A semigroup S G 5? is called H -closed in J?, if S is a closed subsemigroup 
of any topological semigroup T^y which contains S as a subsemigroup. If ^ coincides with the 
class of all topological semigroups, then the semigroup S is called H-closed. 

Definition 1.2 ([201 [3T]). A topological semigroup S G 5? is called absolutely H-closed in the class 
5? if any continuous homomorphic image of S into T G 5? is if-closed in If ^ coincides with 
the class of all topological semigroups, then the semigroup S is called absolutely H-closed. 

A semigroup S is called algebraically closed in 5? if S with any semigroup topology r such that 
(iS, r) G ^ is if-closed in [TSj. If coincides with the class of all topological semigroups, then 
the semigroup S is called algebraically closed. A semigroup S is called algebraically h-closed in 5? 
if S with discrete topology t) is absolutely //-closed in 5? and (S 1 , D) G . If ^ coincides with the 
class of all topological semigroups, then the semigroup S is called algebraically h-closed. 

Absolutely //-closed semigroups and algebraically /i-closed semigroups were introduced by Stepp 
in [37] . There they were called absolutely maximal and algebraic maximal, respectively. 
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Many topologists have studied topological properties of topological spaces of partial continuous 
maps SP^iX^ Y) from a topological space X into a topological space Y with various topologies such 
as the Vietoris topology, generalized compact-open topology, graph topology, r-topology, and others 

(see miBlIIIliniEHlEZlESlEH]). Since the set of a11 P artial continuous self-transformations PVP^X) 
of the space X with the operation composition is a semigroup, many semigroup theorists have 
considered the semigroup of continuous transformations (see surveys [30] and [H]), or the semigroup 
of partial homeomorphisms of an arbitrary topological space (see [21 [3j SI [5J [T61 [3TJ [35l HQ] ) . Beida [7], 
Orlov [32], and Subbiah [38] have considered semigroup and inverse semigroup topologies of 
semigroups of partial homeomorphisms of some classes of topological spaces. In this context the 
results of our paper yield some notable results about the topological behavior of the finite rank 
symmetric inverse semigroups setting inside larger function space semigroups, or larger semigroups 
in general. For example, under reasonably general conditions, the inverse semigroup of partial finite 
bijections J?™ of rank «C n is a closed subsemigroup of a topological semigroup which contains J"^ 
as a subsemigroup. 

Gutik and Pavlyk in [21] consider the partial case of the semigroup J^ 1 : an infinite topological 
semigroup of A x A-matrix units B\. There they showed that an infinite topological semigroup of 
A x A-matrix units B\ does not embed into a compact topological semigroup, B\ is algebraically 
^i-closed in the class of topological inverse semigroups, described the Bohr compactification of B\ 
and minimal semigroup and minimal semigroup inverse topologies on B\. 

Gutik, Lawson and Repovs in [IB] introduced the notion of a semigroup with a tight ideal series 
and investigated their closures in semitopological semigroups, particularly inverse semigroups with 
continuous inversion. As a corollary they show that the symmetric inverse semigroup of finite trans- 
formations <0y of infinite cardinal A is algebraically closed in the class of (semi)topological inverse 
semigroups with continuous inversion. They also derive related results about the nonexistence of 
(partial) compactifications of classes of considered semigroups. 

In [23J Gutik and Reiter show that the topological inverse semigroup J?^ is algebraically /i-closed 
in the class of topological inverse semigroups. Also they prove that a topological semigroup 5* with 
countably compact square S x S does not contain the semigroup J 1 ™ for infinite cardinal A and show 
that the Bohr compactification of an infinite topological semigroup <0™ is the trivial semigroup. 

Gutik and Repovs in [23] study algebraic properties of Brandt A°-extensions of monoids with 
zero and non-trivial homomorphisms between Brandt A°-extensions of monoids with zero. Also they 
describe a category whose objects are ingredients of the construction of Brandt A°-extensions of 
monoids with zeros. There they introduce finite, compact topological Brandt A°-extensions of topo- 
logical semigroups and countably compact topological Brandt A°-extensions of topological inverse 
semigroups in the class of topological inverse semigroups and establish the structure of such exten- 
sions and non-trivial continuous homomorphisms between such topological Brandt A°-extensions of 
topological monoids with zero. They also describe a category whose objects are ingredients in the 
constructions of finite (compact, countably compact) topological Brandt A°-extensions of topological 
monoids with zeros. 

In this paper we show that a topological semigroup of finite partial bijections J"^ of an infinite set 
with a compact subsemigroup of idempotents is absolutely if -closed. We prove that any countably 
compact topological semigroup and any Tychonoff topological semigroup with pseudocompact square 
do not contain J>™ as a subsemigroup. Moreover every continuous homomorphism from topological 
semigroup J?™ into a countably compact topological semigroup or Tychonoff topological semigroup 
with pseudocompact square is annihilating. We give sufficient conditions onto a topological semigroup 
to be non- if -closed and show that the topological inverse semigroup J^ 1 is absolutely if-closed if 
and only if the band E(J^^) is compact. Also we describe the structure of countably compact Brandt 
A°-extensions of topological monoids and establish the category of countably compact Brandt A°- 
extensions of topological monoids with zero. 
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2. On the closure and embedding of the semigroup of matrix units 

Lemma 2.1. Let E be a topological semilattice with zero such that every non-zero idempotent of E 
is primitive. Then every non-zero element of E is an isolated point in E. Moreover for the infinite 
topological semilattice E the following conditions are equivalent: 

(i) E is compact; 

(ii) E is countably compact; 
(in) E is pseudocompact; 
(iv) E is discretely pseudocompact; 

(v) E is homeomorphic to the one-point Alexandroff compactification of the discrete space X of 
cardinality \E\ with zero as the remainder. 

Proof. Let x G E* . Since E is a Hausdorff topological semilattice, for any open neighbourhood 
U(x) ^ of the point x there exists an open neighbourhood V(x) of x such that V(x) ■ V(x) C U(x). 
If x is not an isolated point of E then V(x) ■ V(x) 3 which contradicts to the choice of the 
neighbourhood U(x). This implies the first assertion of the lemma. 

We observe that the implications (i) =>- (ii), (ii) => (Hi) and (Hi) =^> (iv) are trivial. 

To show the implication (iv) =>- (i) suppose that the semilattice E is discretely pseudocompact 
and E satisfies the assertion of lemma. Suppose to the contrary that E is not compact. Let c io = 
{U s | s G be any open cover of E such that ^ does not contain a finite subcover. Let U So G & 
such that G U so . We denote A = E \ U SQ . Since the topological semilattice E is non-compact, 
the set A is infinite. Put W = {A} {J{{x} | x G A}. Then W is an infinite discrete family of open 
non-empty subsets of E. This contradicts to discrete compactness of A. The obtained contradiction 
implies that E is a compact semilattice. 

Simple verifications show that if the semilattice E is homeomorphic to the one-point Alexandroff 
compactification of the discrete space X of cardinality \E\ with zero as the remainder the semilattice 
operation is continuous. This implies the implications (v) =>■ (i). Also the first assertion of the lemma 
implies the implications (i) (v). □ 

Lemma 2.2. Let T be a topological semigroup which contains the infinite semigroup of matrix units 
B\ as a dense subsemigroup. Then the following conditions hold: 

(i) the zero of B\ is thw zero of T; 
(ii) if T \ B\ then x 2 = for all x G T \ B\; and 
(Hi) E(T)=E(B X ). 

Proof, (i) The set {x G T | x ■ = • x = 0} is closed and contains the dense subset B\, so coincides 
with T. 

(ii) Let T \ B\ y£ 0. Suppose to the contrary that there exists x G T \ B\ such that x 2 = y ^ 0. 
Then for any open neighbourhoods U (y) and U(0) of y and such that U(y) (1 U(0) = there exists 
an open neighbourhood V(x) such that V(x) ■ V(x) C U(y) and V(x) PI U(0) = 0. Since the closure 
of semilattice in a topological semigroup is subsemilattice (see [201 Corollary 19]) Theorem 9 of [37] 
implies that the band E(B\) is a closed subsemigroup of T. Hence without loss of generality we can 
assume that V(x) C T \ E(B\). Since the neighbourhood V(x) of the point x contains infinitely 
many point from B\ \ E(B\), we have that G V(x) ■ V(x). This contradicts to the assumption that 
U(y) n 17(0) = 0. Therefore x 2 = 0. 

(Hi) The statement follows from statement (ii). □ 

Theorem 2.3. A topological semigroup of matrix units B\ with a compact band E(B\) is an H -closed 
topological semigroup. 

Proof. Since the statement theorem is trivial in case when the set E(B\) is finite, we consider the 
case when the band E(B\) is infinite. 

Suppose to the contrary that there exists a topological semigroup T which contains B\ as a non- 
closed subsemigroup. Without loss of generality we can assume that B\ is a dense subsemigroup of 
T and T \ B\ ^ 0. Let x G T\B\. By Lemma [2.21 we have that zero of the semigroup B\ is zero 
in the topological semigroup T and x 2 = 0. 
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Since 0-x = x-0 = for any open neighbourhoods U(x) and U(0) in T of x and 0, respectively, such 
that U(x) n£/(0) = 0, there exist open neighbourhoods V(x) and V(0) in T of x and 0, respectively, 
such that 

V(0) ■ V(x) C U(0), V(x) ■ 1/(0) C U(0), V(x) C and V(0) C Z7(0). 

Since by Lemma [2.11 any non-zero idempotent of B\ is an isolated point in E(B\), compactness of 
E(B\) implies that the set E(B\) \ V(0) is finite and V(x) fl E(B\) = 0. Since the neighbourhood 
V(x) contains infinitely many element of the semigroup B\ and the set E(B\) \ V(0) is finite, there 
exists (a, j3) G V(x) such that either (a, a) G V(0) or j3) G V(0). Therefore, we have that at least 
one of the following conditions holds: 

(V(x) -V(0))nV(x) ^ and (V(0) -V(x))nV(x) ^ 0. 

This contradicts to the assumption that U(x) fl U(0) = 0. The obtained contradiction implies the 
statement of the theorem. □ 

Lemma 12.11 and Theorem 12.31 imply the following: 

Corollary 2.4. A topological semigroup of matrix units B\ with a discretely pseudocompact (pseu- 
docompact, countably compact) band E(B\) is an H-closed topological semigroup. 

By Theorem 1 [15] the semigroup of matrix units B\ is congruence free and hence any homomorphic 
image of B\ is either the semigroup of matrix units or the trivial semigroup. Since a continuous image 
of a compact space is a compact space (see [T2"l Thorem 3.1.10]), Theorem 12.31 implies the following: 

Theorem 2.5. A topological semigroup of matrix units B\ with a compact band E(B\) is an abso- 
lutely H-closed topological semigroup. 

Lemma 12.11 and Theorem 12.51 imply the following: 

Corollary 2.6. A topological semigroup of matrix units B\ with a discretely pseudocompact (pseu- 
docompact, countably compact) band E(B\) is an absolutely H-closed topological semigroup. 

The following theorem shows that the converse statement to Theorem 12.31 is true when B\ is a 
topological inverse semigroup. 

Theorem 2.7. If B\ is an H-closed topological inverse semigroup, then the band E(B\) is compact. 

Proof. Suppose the contrary: the band E(B\) is a non-compact subset in (B\, r). By [21], Lemma 4] 
any non-zero element of the semigroup B\ is an isolated point in (B\, r) and hence there exists an open 
neighbourhood U (0) of zero in (B\, t) such that A = E(B X ) \ (E(B X ) n U{0)) is an infinite subset 
of E(B\). Without loss of generality we can assume that A is countable. Next we enumerate the set 
A by positive integers: A = ai), (a 2 , a 2 ), (a-s, a^), . . .}. Then A is a closed subset of E(B\) and 
hence the continuity of the inversion in (B\, r) implies that I a = i P~ 1 {E{B\) \ A) U tp~ l (E(B\) \ A) 
is an open subset of the topological space (B\, r). 

Let x B\. Put S = B\ U {x}. We extend the semigroup operation from B x onto S as follows: 

x-x = y- x = x- y = 0, for all y G B\. 

Simple verifications show that such defined operation is associative. 

Put A n = {(a 2 fc_i, «2fc) I k = n, n + 1, n + 2, . . .} for any positive integer n. We determine a 
topology r* on S as follows: 

(i) for every y G B\ the bases of topologies r and r* at y coincide; and 
(ii) 8§{x) = {U n (x) = {x} U A n I n — 1, 2, 3, . . .} is the base of the topology r* at x. 
For any open neighbourhood V(0) of zero such that V(0) C U(0) we have 

V(0) ■ U n (0) = U n (0) ■ V(0) = U n (0) ■ U n (0) = {0} C V{0). 

We observe that the definition of the set A n implies that for any non-zero element (oc,/3) of the 
semigroup B\ there exists the smallest positive integer i( a ,p) such that (a, (3) ■ A^. 0) = A i(a 0) ■ (a, (3) = 
{0}. Then we have 

(a,/3) • U Ha j0) = U l(a j0) ■ {a,0) = {0} C V(0). 
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Therefore (S, r*) is a topological semigroup which contains (B\,t) as a dense subsemigroup. The 
obtained contradiction implies that E(B\) is a compact subset of (B\,t). □ 

Since the semigroup of matrix units is congruence-free, Theorems 12.31 and 12.71 imply the following 
theorem: 

Theorem 2.8. A topological inverse semigroup B\ is H-closed if and only if the band E(B\) is 
compact. 

Gutik and Pavlyk in (21] show that an infinite semigroup of matrix units with the discrete topology 
is not if-closed. The following proposition gives the sufficient conditions on an infinite topological 
semigroup of matrix units to be non-if-closed. 

Proposition 2.9. Let t be a semigroup topology on an infinite semigroup of matrix units B\. If 
there exists an open neighbourhood U(0) of zero in (B x , t) such that (v~ l (A) U ^(A)) n U(0) = 
for some infinite subset A of E(B\), then (B\,t) is not an H-closed topological semigroup. 

Proof. We observe that without loss of generality we can assume that the set A is countable. 
Let x ^ B\. Put S = B\ U {x}. We extend the semigroup operation from B\ onto S as follows: 

x-x = x- a = a- x = for all a G B\. 

Simple verifications show that such defined binary operation is associative. 

Further we enumerate the elements of the set A by the positive integers, i. e. A = {(aj, aA \ i = 
1, 2, 3, . . .}. Let A n = {(a 2 fc_i, a 2 k) \ k ^ n} for each positive integer n. A topology r on S is defined 
as follows: 

a) bases of topologies r and r coincide at any point a G By, 

b) 38 (x) = {U n (0) = {x} U A n | n is an positive integer} is a base of the topology r at the point 
x e S. 

Such defined topology To on S implies that it is complete to show that the semigroup operation on 
(S, To) is continuous in the following cases: 

1) x ■ x = 0, 2) x ■ = 0, 3) • x = 0, 4) x ■ a = 0, 5) a ■ x = 0, for a G B\ \ {0}. 

Then 

U n (x) ■ U n (x) = U n (x) ■ V(0) = V(0) ■ U n (x) = {0} C V(0), 

for any U n (x) G 38 {x) and any open neighbourhood V(0) of zero in S such that V(0) C U(0). For 
every a G B\ \ {0} there exists a positive integer j such that 

((p~\a ■ a" 1 ) U tp~\a ■ a" 1 ) U ^(a -1 ■ a) U ^(a' 1 ■ a)) n Aj = 0. 

Then we have 

{a}-U j (x) = U j (x)-{x} = {0}CV(0), 
for any open neighbourhood V(0) of zero in S such that V(0) C U(0). 

Obviously that (Bx, r) is a dense subsemigroup of the topological semigroup (S, r ). □ 

Theorem 2.10. An infinite semigroup of matrix units does not embed into a countably compact 
topological semigroup. 

Proof. Suppose to the contrary that there exists a countably compact topological semigroup S which 
contains an infinite semigroup of matrix units B\ for some infinite cardinal A. Since a closed subset 
of a countably compact space is countably compact (see [12], Theorem 3.10.4]), without loss of 
generality we can assume that B\ is a dense subsemigroup of S. Then by Lemma [2.21 (Hi), we have 
that E(S) = E(B X ). Theorem 1.5 Vol. 1] and Theorem 3.10.4 of [12] implies that E(B X ) is a 
countably compact band of S. By Lemma [2.11 E(B\) is compact and hence by Theorem 12.31 B\ is 
a closed subgroup of S. Therefore by Theorem 3.10.4 [12], B\ is a countably compact topological 
semigroup. A contradiction to the fact that on an infinite semigroup of matrix units there does not 
exist a countably compact semigroup topology (see [211 Theorem 6]). The obtained contradiction 
implies the assertion of the theorem. □ 
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Since the semigroup of matrix units is congruence- free, Theorem 12. 101 implies the following: 

Theorem 2.11. Any continuous homomorphism of an infinite semigroup of matrix units into a 
countably compact topological semigroup is annihilating. 

Since the semigroup of matrix units B\ is isomorphic to the semigroup J"\ and is a subsemi- 
group of J"™ for all cardinals A ^ 1 , Theorem 12.111 implies the following: 

Corollary 2.12. Let A be an infinite cardinal and n be a positive integer. Then there exists no a 
countably compact topological semigroup S which contains J" 1 ^. 

Question 2.13. Is any .ff-closed semigroup topology on the infinite semigroup of matrix units 
absolutely if-closed? 

Theorem 2.14. Let A be an infinite cardinal and n be a positive integer. Then every continuous 
homomorphism of the topological semigroup into a countably compact topological semigroup is 
annihilating. 

Proof. We shall prove the assertion of the theorem by induction. By Theorem 12.111 every continuous 
homomorphism of the topological semigroup J^ 1 into a countably compact topological semigroup S 
is annihilating. We suppose that the assertion of the theorem holds for n = 1,2, . . . ,k — 1 and we 
shall prove that it is true for n = k. 

Obviously it is sufficiently to show that the statement of the theorem holds for the discrete semi- 
group Let h: J?^ — > S be arbitrary homomorphism from J?^ with the discrete topology into a 
countably compact topological semigroup S. Then by Theorem 12.111 the restriction h ji : ^\ — > S 
of homomorphism h onto the subsemigroup J"\ of JP* is an annihilating homomorphisms. Let 
(J?l)hj;i = {^l)h = e, where e £ E(S). We fix any a £ y£ with ran(a) = i ^ 2. Let 

a = ( Xl X2 X% ) (where x\, x-i, ■ ■ ■ , Xi, y\, yi, . . . , yi £ X for some set X of cardinality A). 

\ Vi U2 ■ ■ ■ Vi J 

We fix yi £ X and define subsemigroup T yi of as follows: 

Vx \ ( Vi 



Then the semigroup T yi is isomorphic to the semigroup ^f -1 , the element ^ ^ j is zero of T yi and 
hence by induction assumption we have ^ ^ 1 JJ/i = {(3)h for all (3 £ T yx . 

Since y ^ l j £ J^ 1 , we have that {(3)h = (0)h for all (3 £ T yi . But a = cry, where 7 = 



Vi 

yi y2 ■■■ y 
yi 2/2 ••■ y 



£ T yi , and hence we have 



( a )h = (aj)h = {a)h ■ (j)h = {a)h ■ (0)h = (a ■ 0)h = (0)h = e. 
This completes the proof of the theorem. □ 

Theorem 2.15. An infinite semigroup of matrix units does not embed into a Tychonoff topological 
semigroup with the pseudo-compact square. 

Proof. Suppose to the contrary: there exists a Tychonoff topological semigroup S with the pseudo- 
compact square S x S which contains the infinite semigroup of matrix units B\ for some A ^ u. 
By Theorem 1.3 [Hj for any topological semigroup S with the pseudocompact square S x S the 
semigroup operation \i\ S x S — >• S extends to a continuous semigroup operation /5/i: j3S x j3S — > f3S 
and the map (3: S — ► j3S is a homeomorphism "into". Therefore the restriction (3\b x '- B\ — > (3S 
is an embedding of a semigroup B\ into a compact topological semigroup (3S. This contradicts 
Theorem 10 |21j . The obtained contradiction implies the statement of the theorem. □ 

Since the semigroup of matrix units is congruence- free, Theorem 12. 151 implies the following: 
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Theorem 2.16. Any continuous homomorphism of an infinite semigroup of matrix units into a 
Tychonoff topological semigroup with the pseudo-compact square is annihilating. 

Since the semigroup of matrix units B\ is isomorphic to the semigroup J*\ and J^ 1 is a subsemi- 
group of J 2 ^ for all cardinals A ^ 1, Theorem 12.161 implies the following: 

Corollary 2.17. Let A be an infinite cardinal and n be a positive integer. Then there exists no a 
Tychonoff topological semigroup S with the pseudo- compact square which contains J*™. 

The proof of the following theorem is similar to Theorem 12.141 

Theorem 2.18. Let A be an infinite cardinal and n be a positive integer. Then every continuous 
homomorphism of the topological semigroup J^™ into a Tychonoff topological semigroup with the 
pseudo -compact square is annihilating. 

3. iJ-CLOSED SEMIGROUP TOPOLOGIES ON J'^ 

Let X be a set of cardinality A. Fix any positive integer n and put 

exp n (A) = {A C X: \A\ ^ n}. 

Then exp n (A) with the operation "D" is a semilattice. Further by exp n (A) we denote the semilattice 
(exp n (A),H). 

Proposition 3.1. For any cardinal X ^ 1 and any positive integer n the band E(<y™) of the semigroup 
J?^ is isomorphic to the semilattice exp n (A). 

Proof. An isomorphism h: E(j?£) — > exp n (A) we define by the formula: h(a) = doma. □ 

An element e of a topological semilattice E is called a local minimum if there exists an open 
neighbourhood U(e) of e such that 17(e) fl [e C fe [25] . 

Lemma 3.2. Let n be a positive integer and A ^ 1. If t is a semigroup topology on exp„(A), then 
any idempotent of exp n (A) is a local minimum and hence je is an open subset of (exp n (A) , r) . 

Proof. We observe that the statement of the lemma is trivial in case when e is the zero of the 
semigroup exp n (A). We suppose that |e| = k for some k = 1,2, ...,n. Since the set exp A ._ 1 (A) is 
a subsemilattice of exp n (A), Theorem 9 of [37] implies that the set U(e) = exp n (A) \ exp^^A) is 
an open neighbourhood of e in exp n (A). This implies that e is a local minimum in exp n (A). The 
continuity of semilattice operation in exp n (A) implies that there exists an open neighbourhood V(e) 
of e such that V(e) ■ e C U(e). This implies that V(e) C fe. Then Theorem VI-1.13(m) of [T4"] 
implies that |e is an open subset of (exp n (A),r). □ 

We define the family 8§ of non-empty subsets in exp n (A) as follows: 

8$ = {U(e; e u . . . , = \e \ {]e x U • • ■ U |e;) | e, e u . . . , G exp n (A) 

such that e < ei, . . . , e < ej, % G N}. 

Proposition 3.3. The topology t c generated by the base SS is the unique compact Hausdorff topology 
on exp n (A) such that (exp n (A), r c ) is a topological semilattice. 

Proof. Let e, / G exp n (A). If e ^ / then V(e) fl V(f) = for open neighbourhoods V(e) = U(e; f) 
and V(f) = ]f of e and /, respectively. If the idempotents e and / are incomparable, then we put 
g = e U f and hence we have that U(e; g) fl U(f; g) = 0. Therefore r c is a Hausdorff topology on 
exp n (A). We observe that since any chain in exp n (A) has ^ n elements, r c is a compact topology on 
exp n (A). 

Next we show that the semilattice operation fl on (exp n (A),r c ) is continuous. Let e and / be 
arbitrary elements from exp n (A). If e = / then 

U (e; ei,...,e k )-U (e; ei, . . . , e k ) C U (e; ex,..., e k ) 

for all U(e; ex, ... , e&) G 88. If e < / and U(e; ex, ■ ■ ■ , e^) G 83 is an open neighbourhood of e, then 

U(e;ex,...,e k ,f) ■ U(f; fx, . . . , f m ) C U(e; e t , . . . , e k ) 
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for all /i,...,/ m G|/ \ {/}. If the idempotents e and / are incomparable, then we have g — e D / < 
e, /. Put h — e U /. Then for any open neighbourhood U(g; gx, . . . , gu) G SS of g we have 

U(e;h)-U(f;h) = {g}QU{g; gi ,...,g k ). 

Hence (exp n (A), r c ) is a topological semilattice. 

The uniqueness of the topology r c follows from Lemma 13.21 □ 

Proposition 3.4. For a topological semilattice exp n (A) the following conditions are equivalent: 

(i) exp n (A) is compact; 
(ii) exp n (A) is countably compact. 

Proof. Since the statement of the proposition is trivial when the semilattice exp n (A) is finite, we 
suppose that the cardinal A is infinite. 

We observe that the implication (i) (ii) is trivial. 

We shall prove the implication (ii) =^> (i) by induction. By Lemma [2.11 every countably compact 
semigroup topology on exp 1 (A) is compact. We suppose that the assertion of the proposition holds 
for k = 1,2, ... ,n — 1 and we shall prove that it is true for k = n. Suppose the contrary: there 
exists a semigroup topology r on exp n (A) such that (exp n (A), r) is a countably compact non-compact 
topological semilattice. Let = {U a } a( z^ be an open cover of the topological semilattice (exp n (A), r) 
which does not contain a finite subcover. Since by assumption of induction the subsemilattice 
exp n _ 1 (A) is compact, there exists a finite subfamily ^ = {U ai , . . . , C/ a »}a 1) ...,a»6® of such that 
is an open cover of exp n _ 1 (A). Since the topological space (exp n (A),r) is non-compact and by 
Lemma I3T21 any idempotent e G exp n (A) \ exp n _ 1 (A) is an isolated point in (exp n (A), r), we have 
that A = exp n (A) \ (U ai U ■ ■ • U U an ) is a closed discrete infinite subspace of (exp n (A),r). But 
Theorem 3.10.4 of [12] implies that A is a countably compact space, a contradiction. The obtained 
contradiction implies the statement of the proposition. □ 

The following example shows that there exists a semigroup topology r c on the semigroup J"™ such 
that E(j?£) is a compact semilattice. 

Example 3.5. We identify the semilattice E(J?£) with the semilattice exp n (A). Let r c be the 
topology on E(J?™) determined by the base £$ (see: ([TJ). We define the topology r c on JP™ as 
follows: 

(i) at any idempotent e G the base of the topology r c coincides with the base of r c ; 
(ii) all non-idempotent elements of the semigroup are isolated points. 

Proposition 3.6. t c ) is a topological inverse semigroup. 

Proof. Since all non-idempotent elements of the semigroup J>™ are isolated points in (^x, t c ), Propo- 
sition [33] implies that it is completely to show that the semigroup operation in (J^^, r c ) is continuous 
in the following two cases: 

a) a-e- and b) e ■ a, for tt£/ A "\£(/ A ") and £ G £(/;). 

By Corollary 8 [IB] an idempotent e of the semigroup JP™ is an isolated point in i n t ne case 
rank a = n. Therefore we can assume that ranke < n. 

In case a) let {x\, . . . , x s } = {x G rana | x ^ dome}. Put e\ = e U {xi}, . . . ,£ s = e U {x s }. Then 

{a} ■ Ufa ex, ...,e,) = {a- e}. 

In case b) let {yi, . . . ,y p } = {x G doma | x £ rane}. Put Z\ = e U {yx}, . . . ,e p — e\J {y p }. Then 

Ufa ex, . . .,e p ) ■ {a} = {e ■ a}. 

Therefore the semigroup operation is continuous on (J^ l ,r c ). 

The continuity of the inversion in (J*x, t c ) follows from the facts that the band E(j?x) is a compact 
open subsemigroup of (J^x , t c ) and all non-idempotent elements of the semigroup J^ 1 are isolated 
points in (j^,r c ). □ 
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Theorem 3.7. Let ( J^, r) be a topological semigroup. If the band E(J?™) is a compact subset of 
(J?™,t), then (JP™,t) is an absolutely H -closed topological semigroup. 

Proof. We shall prove the assertion of the theorem by induction. By Theorem 12.51 the topological 
semigroup with compact band is absolutely if-closed. We suppose that the assertion of the 
theorem holds for n — 1, 2, . . . , k — 1 and we shall prove that it is true for n = k. 

Suppose the contrary: the topological semigroup ( J^ 1 , r) is not absolutely if -closed. Then there 
exist a Hausdorff topological semigroup T and continuous homomorphism h: J?^ — > T such that 
(J^x)h is not a closed subsemigroup of T. Since the closure c\g(L) of a subsemigroup L of topological 
semigroup G is a subsemigroup in G (see [9j Vol. 1, p. 9]), without loss of generality we cam assume 
that (<y^)h is a dense subsemigroup of T and T \ (J^^)h ^ 0. Then by Lemma 8 |21j . zero of the 
semigroup (J?£)h is zero in T and we denote it by 0t- Let x G T \ (J^^)h. Then 0*r • x = 0t- The 
continuity of the semigroup operation in T implies that for any open neighbourhood W(0t) of zero 
Oj- in T there exist open neighbourhoods U(0t) and V(0t) of 0^ in T and an open neighbourhood 
V(x) of x in T such that 

V(0 T ) ■ V(x) C U(0 T ) C W(0 t ), V(0 t ) Q U(0 t ) and U(0 T ) n = 0. 

By the assumption of the induction and Theorem 9 of [37] we have that V(x) H {{^x~ 1 )h U 
(E(^£))fi) = 0. We remark that for any idempotent £o of the semigroup with raneo = 1 
the set J^"(£o) = {x e -^T I X £ o = £oX = £ o} is a subsemigroup of J 21 '" and simple observations 
show that ^™{eq) is algebraically isomorphic to the semigroup J?™~ . Then the compactness of 
the band E(<#™) implies that there exist a finite subset of idempotents {si, . . . , in J^ 1 with 
ranei = . . . = rane^ = 1, an open neighbourhood V(0) of the zero of the semigroup J^™ and an 
open neighbourhood 0(x) of x in T such that 

(V(0))hQV(0 T ), V(O)n(yi\e 1 )U...^(e k ))=0, 0{x) QV{x) and 

(o(x) n {^)h)hr x n (j^( ei ) u . . . = 0- 

The compactness of the band E(J?™) and the infiniteness of the set (0(x) PI {j?™}ti)h~ x imply that 
there exists a G (O(x) fl {S£)ti)h- 1 such that a G V(0) • a. Then 

(V(0))h- (a)hCV(0 T ) -0(x) CU(0 T ) and ((7(O))fc-(a)ft)flO(2)/0. 

This contradicts to the assumption U(0t) H V^(x) = 0. The obtained contradiction implies that 
T \ (J^x)h = 0, and hence J?™ is an absolutely if -closed topological semigroup. □ 

Proposition 13.41 and Theorem 13.71 imply the following: 

Corollary 3.8. Let ( J^, r) &e a topological semigroup. If the band £"( J^) is a countably compact 
subset of (<#™,t), then {J?™, r) is an absolutely H-closed topological semigroup. 

4. Countably compact topological Brandt A°-extensions 

Definition 4.1 ([22]). Let 5? be some class of topological monoids with zero. Let A be any cardinal 
^ 1, and (S, r) G 5? . Let tb be a topology on B^(S) such that 

a) (Bl(S),r B )ey; 

b) r BU Q , Q = r f° r some « e A. 

Then (B x ) (S),tb) is called a topological Brandt )^ -extension of (S,r) in 5? . If coincides with 
the class of all topological semigroups, then {B\{S),tb) is called a topological Brandt A -extension 
of (S,t). 

A topological Brandt A°-extension (B1(S),tb) is called compact (resp., countably compact) if the 
topological space (B°(S),tb) is compact (resp., countably compact) [21]. Gutik and Repovs in [21] 
described the structures of compact topological Brandt A°-extensions. 

We need the following lemma from [21]: 



TOPOLOGICAL SEMIGROUPS OF MATRIX UNITS AND COUNTABLY COMPACT BRANDT A°-EXTENSIONS 11 



Lemma 4.2 ([21])- For any topological monoid (5, r) with zero and for any finite cardinal A ^ 1 
there exists an unique topological Brandt X Q -extension (B x (S),Tb) and the topology tb generated by 
the base S3 B = \J{SB B (t) \teB° x (S)}, where: 

(i) SB B (t) = {(U(s)) a ^ \ {Os} | U(s) G SB s (s)}, when t = (a,s,/3) is a non-zero element of 
B° X (S), a,/3 G A; 

(ii) SS B (0) = {\J a ,pex( U (°s))a,p I U(0 S ) e SB s (0s)}, when is the zero ofB° x (S), 
and S§s(s) is a base of the topology r at the point s G S . 

Proposition 14.31 describes the structures of countably compact Brandt A°-extensions of topological 
monoids. 

Proposition 4.3. A topological Brandt X Q -extension B X (S) of a topological monoid (S,r) with zero 
is countably compact if and only if the cardinal A ^ 1 is finite and (S, r) is a countably compact 
topological semigroup. Moreover, for any countably compact topological monoid (S, r) with zero and 
for any finite cardinal A ^ 1 there exists an unique countably compact topological Brandt A -extension 
(B x (S),Tb) and the topology r B generated by the base S$b = LK^bW I ^ e L^ X (S)}, where: 

(i) SB B (t) — {(U(s)) a)/ 3 \ {Os} | U(s) G &s( s )}> when t = (a,s,/3) is a non-zero element of 
B° X (S), a, /3 G A; 

(ii) 3§ B (0) = {U a ,pex( U (°s)Up I U(0 S ) e ^s(0 s )}, when is the zero of B° X (S), 
and SB sip) is a base of the topology r at the point s G S. 

Proof. Since by Theorem 12 . 1 II the infinite semigroup of matrix units does not embed into a countably 
compact topological semigroup, the countable compactness of the topological Brandt A°-extension 
(B x (S),t b ) of a topological semigroup (S,r) implies that the cardinal A is finite. Then by Theo- 
rem 1.7(e) of P, Vol. 1], (a, ls,ac)B x (S)(a, Is, a) = S a>a is a countably compact semigroup for any 
a G A, and hence (S, r) is a countably compact topological semigroup. The converse follows from 
Lemma 1 [22] and the assertion that the finite union of countably compact spaces is a countably 
compact space. 

Lemma 14.21 implies the last assertion of the proposition. □ 

Lemma 14.21 and Proposition 14.31 imply 

Theorem 4.4. Every countably compact (and hence compact) topological Brandt A -extension 
(B x (S),tb) of a topological inverse semigroup (5, r) is a topological inverse semigroup. 

Definition 4.5 ([21]). Let A be any cardinal ^ 2. We shall say that a semigroup S has the B x -pro- 
perty if S satisfies the following conditions: 

1) T does not contain the semigroup of A x A-matrix units; 

2) T does not contain the semigroup of 2 x 2-matrix units B 2 such that the zero of B 2 is the 
zero of T. 

Gutik and Repovs in [21] proved the following: 

Theorem 4.6 ([21])- Let X\ and X 2 be any finite cardinals such that X 2 ^ Ai ^ 1. Let B x (S) 

and B X2 (T) be topological Brandt Aj- and X 2 - extensions of topological monoids S and T with zero, 
respectively. Let h: S — ► T be a continuous homomorphism such that (Os)h = T and <p: Ai — > X 2 
an one-to-one map. Let e be a non-zero idempotent of T, H e a maximal subgroup of T with unity 
e and u: X\ — > H e a map. Then 4 = {s 6 S (s)h = Ot} is a closed ideal of S and the map 
a: B X (S) — * B X2 (T) defined by the formulae 

((a,s,P))a={ ((«V>)M*)M(/3)«r\(/%), if s£S\I h] 
\ O2, if s G 

and (Oi)cx = O2, is a non-trivial continuous homomorphism from B X (S) into B X , 2 {T). Moreover if 
for the semigroup T the following conditions hold: 

(i) every idempotent of T lies in the center ofT; 
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(ii) T has E* Xi -property , 

then every non-trivial continuous homomorphism from B X (S) into B® 2 (T) can be so constructed. 

Next we define a category of countably compact topological monoids and pairs of finite sets and a 
category of countably compact topological semigroups. 

Let S and T be countably compact topological monoids with zeros. Let CHomo(«S', T) be a set of 
all continuous homomorphisms a: S — > T such that (05)0" = Oy. We put 

E[ op (S, T) = {e G E(T) I there exists a G CHom (S,T) such that (l s )a = e} 

and define the family 

J^ top (S,T) = {H(e) I e G E^(S,T)}, 

where by H(e) we denote the maximal subgroup with the unity e in the semigroup T. Also by 
££X23 we denote the class of all countably compact topological monoids S with zero such that S 
has £>*-property and every idempotent of S lies in the center of S. 
We define a category ST^^SS^ as follows: 

(i) Ob^^^^fin) = {(S, I) I S G £(£X*B and / is a finite set}, and if S is a trivial semigroup 

then we identify (S, I) and (S, J) for all finite sets I and J; 
(ii) Mor(^W fin ) consists of triples (h,u,tp): (S,I) -> (S',1 1 ), where 

/i: iS — > S' is a continuous homomorphism such that h G CHom (5', S'), 

u: I — > H(e) is a map , for H(e) G J%^ op (S, S'), 

J — > /' is an one-to-one map, 

with the composition 

(h, u, <p)(h',u', f') — (hh', [u, <f,h',u'], <p<p'), 

where the map [u, (p,h',u']: I — > H(e) is defined by the formula 

(a)[u, cp, h',u'} = ((a)<p)u' ■ ((a)u)h' for a G I. 

Straightforward verification shows that Sf^^SSfra is the category with the identity morphism E(s,i) — 
(Ids, u 0i Id/) for any (S, I) G Ob(^ < ^"^^fi n ), where Id^: S — »• S and Id/: I —> I are identity maps 
and (a)uo = I5 for all a G /. 

We define a category ^g n (^^^l^) as follows: 

(i) let Ob(^ n (^^^5^)) be all finite topological Brandt A°-extensions of countably topological 
monoids S with zeros such that S has £>*-property and every idempotent of S lies in the 
center of S; 

(ii) let Mor(^£ n (^^^J5^)) be homomorphisms of finite topological Brandt A°-extensions of 
countably compact topological monoids S with zeros such that S has £>*-property and every 
idempotent of 5* lies in the center of S. 

For each (S, I Xl ) G Ob(^W^ fin ) with non-trivial S, let B(S, I Xl ) = ££ 1 (S r ) be the count- 
ably compact topological Brandt A°-extension of the countably compact topological monoid S. For 
each (h,u,ip) G Mor(^ < ^ , ^^ > fi n ) with a non-trivial continuous homomorphism h, where (h,u,ip): 
(S, I Xl ) -> (T, J A2 ) and (T, 7 A2 ) G Ob(«?W«^ fin ), we define a map B(/i, w, <p) : B(5, J Al ) = B° Xi (S) -> 
B(T,/ A2 ) = 5° 2 (T) as follows: 

((a)p>K(s)M(0)«)~S(/?M, if s£S\I h ; 

2 , if s G I£, 



((a,s,/?))[B(M,<p)] 



and (Oi)[B(/i, u, 97)] = 2 , where 4 = {s G S = 0^} is a closed ideal of S and 0i and 2 are the 

zeros of the semigroups B Xi (S) and £>° 2 (T), respectively. For each (h,u,ip) G Mor(^^ , ^^' fin ) with 
a trivial homomorphism h we define a map B(/z, u, 99) : 6(5, I Xl ) = B x (S) — > B(T, Ja 2 ) = -£? A (T) as 
follows: (a) [B(/i, w, </?)] = 2 for all a G B(S', I Al ) = B Al (S*). If S* is a trivial semigroup then we define 
B(5, 7 Al ) to be a trivial semigroup. 
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A functor F from a category < io into a category W is called full if for any a, b G Ob(^) and for 
any J^-morphism a : Fa — > Fb there exists a ^-morphism (3 : a — > b such that F/3 = a, and F called 
representative if for any a G Ob(J?T) there exists 6 G Ob(^) such that a and Fb are isomorphic. 

Theorem 4.1 [24| and Theorem 14.61 imply 

Theorem 4.7. -B is a full representative functor from Sf^^SS-^a into ^^(^^^5^). 

Remark 4.8. We observe that the similar statements to Theorem 14. 71 hold for the categories of count- 
ably compact topological inverse monoids, countably compact Clifford topological inverse monoids, 
countably compact Brandt topological semigroups, countably compact topological semilattices and 
finite sets and corresponding their countably compact topological Brandt A°-extensions of countably 
compact topological monoids. Moreover in the case of countably compact topological semilattices 
the functor B determines the equivalency of such categories. The last assertion follows from Propo- 
sition 4.3 [21]. 
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